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1. INTRODUCTION 
The study of finite groups prompts many questions about the groups and 
related structures. The symmetries involved can enable lattices and codes 
preserved by the group to be examined more efficiently, and enable certain 
questions about these structures to be answered. 
I am currently engaged in a project to determine the irreducible 
constituents of the primitive 2-modular permutation representations of 
certain finite simple groups. Using these I can determine the dimensions and 
constituents of all of the submodules of each of these spaces. Where possible 
the weight distributions are then calculated, and the incidence relations 
between the constituents of the representations are then highlighted. 
Richard Parker has discovered algorithms for decomposing the modular 
representations of finite groups, which he and Jon Thackray have 
implemented on the IBM computer in Cambridge. Heavy use has been made 
of this so-called “meataxe” system. We have also made use of the character 
tables from the “Atlas of Finite Groups” [2] and the MacWilliams formulae 
relating the weight enumerators of dual codes [lo]. 
A good group for demonstrating some of the results obtainable is the finite 
simple group of order 25920. Historically this group first appeared as a 
group of incidence-preserving permutations of the 27 lines on a general cubic 
surface. However, the group is also isomorphic to a subgroup of index two in 
the Weyl group of the E, lattice, and so it arises from a 6-dimensional real 
reflection group. It arises in two ways from a 4-dimensional complex 
reflection group, and also from a 5-dimensional complex reflection group. 
These isomorphisms have been proved in [5-81, and will also be 
demonstrated in the course of this paper. Further references to the group 
may be found in [l, 3, 4 and 121. 
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Projective Counting 
Since our main interest is in the simple group and its primitive 
permutation representations, it is most natural to consider a vector together 
with ali its scalar multiples by units of the underlying ring. So in what 
fohows the term “vector” will often mean the set of unit multiples of that 
vector. 
1.1. Schkijli’s Notation for the 27 Lines on the General Cubic Sur-ace 
It was proved by Cayley and Salmon, see [91Y that the general cu 
surface in projective 3-space contains just 27 lines. A plane passing throug 
a line 2 in the surface and a point P outside the surface meet the surface in 
the line 1 and a conic C besides. By choosing P so that this conic 
degenerates we derive a plane which intersects the surface in three inter- 
secting straight lines: we call this a tritangent plane. Each line is met by 10 
others, and is disjoint from 16 further lines. There are therefore 216 pairs of 
lines that do not mutually intersect, and so there are 135 points of inter- 
section on the surface. Triples of these points determine the tritangent planes, 
and so there are 45 tritangent planes. 
Schlafli observed that there exist systems (“sixes”) of six mutually non- 
intersecting lines which have a natural pairing, which he called the “‘double- 
sixes.” Each line of either six has a “mate” in the other six which is the only 
line of that six which it does not intersect. Schlafli used this observation to 
derive a notation for the 27 lines. Start with a double six, written 
ao, al, a,, a3, a,, a5 
bo, b,, b,, b,: b,, b5 
where ai meets bj if and only if i is not equal to j. Let cij = cji (i #j> be the 
third line in the plane of ai and b,, then the 27 lines are exhausted by the ais 
bj and cij. We have obtained 30 of the tritangent planes in this way, an 
remaining 15 planes are of the form Cij, ck[, c,, where t, j, k, I, na, n are 
distinct. 
1.2. The Embedding of the Group in Hesse’s Group 
The group of incidence-preserving permutations of the 27 lines is most 
easily analysed abstractly as the stabilizer of a line in Wesse’s group of the 
28 bitangents to the general projective quartic curve. e may represent the 
bitangents by unordered pairs from an g-element set, say, {s, t, U, U, w, x, y, ~1~ 
The group PI may then be abstractly viewed as the set of permutations of 
these 2X objects which preserve the 315 distinguished 4-sets which are the 
orbits under S, of 
st.uv.wx.yz and su.sv.tu.tv. 
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In Cayley’s diagrammatic notation for subsets of the 28 bitangents (see [3] 
and [ 1 l]), these distinguished 4-sets have the form shown below. 
The group of incidence-preserving permutations of the 27 lines may be 
viewed combinatorially as the group of permutations of the 27 lines 
preserving the 45 triples which form the tritangent planes. Take the 
8-element set to be {a, b, 0, 1,2, 3,4,5}, and let the pairs ai, bj, ij correspond 
to Schllfli’s names ai, bj, cii. The distinguished 4-sets ab. 01.23.45 and 
ab.aO. lb. 10 correspond to the triples c,,i, cZ3, cd5 and a,, b,, col. In this 
way the group of permutations of the 27 lines is naturally identified with the 
stabilizer of ab in the permutation group H. 
1.3. Hesse’s BiJid Maps 
We shall regard H as a combinatorial group on the 28 pairs from the set 
{a, b, 0, 1,2,3,4, 5). H is generated by the permutations induced by the 
action of S, on this set, and the 35 bifid maps discovered by Hesse. Such a 
map interchanges any two pairs whose union is one of two disjoint 
distinguished 4-sets, and fixes all other pairs. We shall represent the map by 
the 4-sets which determine its action. For example: 
abO1 performs (ab Ol)(aO bl)(al b0)(23 45)(24 35)(25 34) 
2345 and fixes a2, a3, a4, a5, b2, b3, b4, b5,02,03,04,05, 12, 13, 14, 15 
It is convenient to note the relations governing these bifid maps; where 
(s, t, U, v, w, X, y, z) denotes a rearrangement of (a, b, 0, 1,2,3,4,5). 
stuv stuv 
-= 1, 
stuv wtuv 
wxyz wxyz 
--= (su.)Stuu 
wxyz sxyz wxyz 
J!!c !!!YsY- = (st)(uv)(wx)( yz). 
wxyz uvyz uvwx 
There are 35 distinct partitions of the 8 elements into two disjoint 4-sets, 
and so there are 35 such bifid maps. The relations we have given show that 
the 35 bifid maps, together with the identity, form a system of coset 
representatives for S, in H, and hence that the order of H is 36.8!. We 
deduce from this that the stabilizer of ab has order (36.8!)/28 = 51840. This 
group contains only even permutations of the 27 lines, but induces both even 
and odd permutations of the 45 triples. The simple group G is the subgroup 
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which induces even permutations of the 45 triples in this group and so 
order 25920. We may denote the elements of G by even permutations of the 
28 pairs which fix ab, for example: 
a012 abO1 
- - @0)(&l ). 
b345 ’ 2345 
1.4. The Weyl Group of E, 
We now consider the Weyl group of the E, root lattice. The lattice is most 
easily constructed embedded inside the E, root lattice as the vectors 
6%~1~2~3-%-% I G%) with x0 + x, + x2 + x3 + x4 + Kg = x, f Xb = 0. 
Suitable coordinates for the vertices of the Coxeter- ynkin diagram for E, 
are then 
Let E,” be the dual lattice of E,, that is, the lattice of vectors whose inner 
product with the lattice is integral, then E, is a sublattice of Ez. The 
quotient Ez/E, has order 3, and one non-trivial coset has 27 vectors of 
minimal norm. The 27 vectors have coordinates corres onding to the 27 
Lines 
The 45 triples of lines formed by the tritangent planes correspond to triples 
of vectors which sum to zero. The full automorp~lism group of E, 
this property. This group contains a central element 
coordinate by -1, and is not in the Weyl group. The eyl group has order 
5 1840 and consists of the automorphisms of the E, lattice that do not 
interchange the two cosets of E$/E,, and has the form 6.2. 
contains all the permutations of the 27 specified vectors which pres 
45 triples, it is isomorphic to Schlafli’s group defined above. The MI 
automorphism group has structure 2 x G. 2 re the central 2 is given by 
scalar muhiplication by -1, and G. 2 is the subgroup. The Weyl group 
is generated by reflections in the 36 minimal vectors of E,, which 
correspond to Schllfli’s double sixes. Examples of such vectors (using the 
double-six names which I shall define in Se&on 1.7) are 
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(0 0 0 0 0 0 1 1 -1) tt the double six ab 
(1 -1 0 0 0 0 10 0)ttthedouble six 01 
(f + + -f -5 -1 14 -4) tt the double six -$$. 
1.5. The 4-Dimensional Representations 
We shall now study the action of the group on a 4-dimensional complex 
lattice. Let w = (1 + -)/2 b e a complex cube root of unity, and also 
define 19 = w - 6 = fl. The complex numbers formed by taking sums of 
integer multiples of 1, w and 0 give the ring of Eisenstein integers Z[o]. 
Notice that each Eisenstein integer is congruent, modulo 0, to a unique 
member of {0, 1, -l}, so that the quotient ring Z [w]/19Z [w] is isomorphic to 
the field of order 3, G1;(3). Notice also that each Eisenstein integer is 
congruent, modulo 2, to a unique member of {0, 1, w, O}, so that 
Z [0]/2Z [w ] is isomorphic to GF(4), and that in particular 0 = 1 mod 2. 
We define the lattice in terms of the “tetracode” C,, the 2-dimensional, 
length 4 code over GF(3) whose codewords are (0 0 0 0), *(O 1 1 l), 
+(l 0 1 -l), &(l -1 0 l), i(1 1 -1 0). Let Xi denote the reduction of 
Xi modulo 8, so that Xi is an element of GE;(3). Our lattice, which we shall 
refer to as A,, is the 4-dimensional lattice over Z[o] consisting of vectors 
(XC0 x0 x1 x2), where the xi lie in Z [w], and (X, X0 Xi $) lies in C,. The 
lattice is generated over Z[o] by the vectors 
(0 1 1 l), (1 0 1 -l), (1 -1 0 l), (1 1 -1 O), 
(8 0 0 O), (0 e 0 O), (0 0 I9 O), (0 0 0 8). 
These vectors all have norm 3. The canonical inner product on A, gives 
values which are all multiples of 8; also the norms of all the vectors are 
divisible by 3. (In fact these two properties need only be checked on the 
generators.) The units of Z [o] are * 1, &o~ and i0, so in what follows, each 
vector z1 represents a set of six vectors. 
The monomial symmetries of this lattice are generated by: 
(X, x0 Xl %I w kc Xl x2 x0> 
(XL72 x0 Xl x2) t-+ (x0 x, Xl -4 
and by the triflexions in all four basis vectors which generate a diagonal 
group of order 34. For example, the triflexion in the vector (8 0 0 0) takes 
(XCC x0 Xl -a to (~%c x0 xi x2). This monomial subgroup has structure 
34. 2S, with a central cyclic subgroup of order 6 consisting of multiplication 
by each unit. 
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There are 40 vectors of norm 3 and they are the images under the 
monomial group of the following: 
(0 8 0 O), (0 B 0 O), (0 0 B O), (0 0 0 O), 
(0 1 WC wd), (1 0 WC -Wd), 
(1 -wb 0 wd), (1 09 --WC 0). 
The complex reflection 
in any of these vectors r is an automorphism of the lattice, since (Y, r) = 3 
for these vectors, (1 - w) = 159, 6 1 (x, r) and -19~ = 3. For this reason we 
may call these 40 vectors the root vectors of the lattice. Since the co 
reflections in these vectors have order 3, we shall call them the triflexi 
the root vectors. 
The vectors of norm 6 have either three coordinates of norm 9 an 
norm 3, or two coordinates of norm 1 and one of norm 4, or two ~o~r~i~a~es 
of norm 3. Examples of these vectors, and the number of each type, are: 
vector 
(0 wi wj w”) 
(0 -2 wi wj) 
(0 ztw’tl 0 0 ) 
number of vectors 
27.8=216 
3.9.4= 108 
6.6= 36 
360 vectors of norm 6 
The quotient lattice A,/2A, is defined by the relation 
u1 = v2 (modulo 2AJ o (ur - ~~)/a is an element ofAd. 
A,/2A, contains (44 - I)/3 = 85 non-ze vectors of norm 3 
are ail incongruent, and so become sotropic (norm I) 
vectors. The 360 vectors of norm 6 for vectors congruent 
and so become 45 isotropic vectors, e families may be 
pplying elements of the monomial gro the two particular 
(0 B 0 01, (e -0 0 o), (1 I 2 q, (1 -1 
(1 H 2&l 0), (1 -1 0 -2w), (a 1 2fi O),(l --H 0 --2G), 
(e i 1 I), (8 4 --I -I)~ ( I9 1 -1)9 (-1 8 --I l)y 
(1 -1 B l), (-1 1 6 -l), (a 1 -1 a), (-1 -1 1 8). 
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The remaining non-zero vectors of A, are all congruent modulo 2A, to one 
of these 85 vectors or the zero vector. 
We define (1,/&t, similarly. In this quotient we have (34 - 1)/2 = 40 non- 
zero vectors, and each vector is congruent mod 2/1, to the zero vector or one 
of the 40 root vectors, which are all incongruent modulo 2A,. 
The canonical inner product on A., gives values which are all multiples of 
0, which is congruent to 1 modulo 2. The norms of the generators become 1 
in A&A,, and the Hermitian form becomes a non-singular form over 
GF(4). The automorphism group of the lattice therefore becomes a subgroup 
of GU,(2). We shall call the full automorphism group F. The simple group 
G, which is the quotient of F by its centre of order 6, is therefore a subgroup 
of PSUJ(2). 
We may equip A,/BA, with the bilinear form (x, y)/B (mod 19), since the 
values (x, y) are all multiples of 6’. Since all vector norms are divisible by 
3 = -8’, this inner product is symplectic. F maps to a subgroup of Sp,(3), 
the kernel being scalar multiplication by o, and G becomes a subgroup of 
PSP,(3)* 
We shall now compute the order of G, and so verify that the three groups 
G, PSU,(2) and PSp,(3) are, in fact, isomorphic. 
We first choose a coordinate frame from among our vectors of minimal 
norm: e.g., (0 0 0 0), (0 0 0 0), (0 0 0 0), (0 0 0 0). The subgroup 
fixing this frame is the monomial group already discussed of order 81.48 = 
3888. We must multiply this by the number of bases to obtain the order of 
the full automorphism group. There are 40 vectors of norm 3. Choose one 
such vector, say, (0 0 0 0). The 12 vectors perpendicular to this vector are 
the other three members of the above base together with the nine vectors of 
the form (0 wi wj &), It is easily checked that (6 0 0 0) can be extended 
by any of these 12 vectors into a unique such base. For example, by 
triflexion in (0 1 1 1) we see that (0 0 0 0), (0 w W O), (0 W w ti), 
(0 3 W w) is such a base. There are therefore 40.12.2.1 ordered bases, 
and so just 40 unordered bases. The order of F is therefore 40.81.48 = 
6.25920, and so 1 G I= 25920. 
However, we know that 1 U,(2)/ = jPSp,(3)( = 25920 = 1 GI, and so all 
three must be isomorphic to the same simple group. 
1.6. The 5-Dimensional Representation 
The simple group G is also isomorphic to a quotient group of the group of 
automorphisms of a 5-dimensional complex lattice. This lattice, which we 
shall refer to as A,, is generated over Z[w] by the cyclic permutations of the 
vectors (0 UJ Cc, cij w) and (2 0 0 0 0). 
The 45 vectors of norm 4 are the cyclic permutations of (2 0 0 0 0) and 
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(0 cri *to ~cZ ?K,o). The 160 vectors of norm 6 are the cyclic permutations 
of 
(0 OJ *we +O i-w 1, 
(0 f3 +G *we *w 1, 
(0 * *o +w *od?)* 
In the quotient lattice A,/&, we have ( 3’ - 1)/2 = 121 non-zero vectors. 
The vectors of norm 6 are congruent in fours and so become 40 isotropic 
vectors. The vectors of norm 4 are incongruent and become 45 vectors of 
norm I, The 540 vectors of norm 8 become 36 vectors of norm 2. Al? the 
other vectors in LI, are congruent, modulo 8A, to one of these vectors. 
The canonical inner product on A, becomes a symmetric inner pro t on 
A,I@A,, so the group of automorphisms becomes a subgroup the 
orthogonal group G0,(3). The simple group which is the quotient of this 
group by its centre is therefore a subgroup of O,(3). We shall show 
group has order 25920 = !0,(3)1 an so conclude that it is isomo d 
Q*(3). 
The five vectors (2 0 0 0 0), (0 2 0 0 O), (0 8 2 0 0), (0 0 G 2 0), 
(0 0 0 0 2), which are in the lattice, form an orthonormal base for the 
5dimensional space. The group contains symmetries taking 
(x,, x, x2 x3 x4) to (2* X0 co.fz WX, 02~) and (xxi x, x3 x, x,). The 
reflection in the vector (2 0 0 0 0) takes (x0 x, x2 x3 XJ to 
(-x0 xx x2 x3 x,), and so the group contain a subgroup 3 x 2’S, 
consisting of monomial permutations and sign c nges of the five coor- 
dinates. It is easy to see that this group consists of the symmetries that fix 
our base, and once again we must multiply the order of this group by the 
number of such bases to obtain the order of the automorphism group. There 
are 45 vectors whose norm becomes 1. Choose one such vector, say, 
(2 0 0 0 0). The 12 vectors perpendicular to (2 0 0 0 0) are the other 
four members of the above base, together with the eight vectors of the farm 
(0 w ZM fti *w). It is easily checked that (2 0 0 0 0) can be extended 
by any of these 12 vectors into a unique such base. There are therefore 
45.12.3.2.1 ordered bases, and so just 27 unordered bases, The order of the 
full automorphism group is therefore 3 e 32.120 ~ 27 = 6.25920. The centre of 
this group has order 6, generated by the scalar multiplication by units, so the 
simple group has order 25920 as required. 
1.7. The Primitive Permutation Representations 
We shall now summarize the information we ave obtained about the 
simple group G, and find notations for the objects which are permuted in 
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each of its primitive permutation representations. The automorphism groups 
for each of the lattices we have considered are as follows: 
lattice Aut group information obtained by reduction 
4 2 x G.2 mod 2 -+ G r O;(2) 
4 6XG mod 19 -+ G z P@,(3) 
mod 2 --f G g U,(2) 
A5 6XG mod 0 --f G z O,(3) 
The simple group G has five maximal subgroups, of indices 27, 36, 40, 40, 
45, and so has five primitive permutation representations obtained by right 
multiplication on their cosets. The same permutation representations may 
also be described (often in several ways) in terms of the action of G on 
various sets of geometrical objects: we shall use the notations g(i) (i = 27, 
36, 40~1, 40b, 45) to denote these sets, and provide names for all the objects 
in terms of Schllfli’s notation: 
gw g(36) 
Schlifli lines double-sixes 
EL5 dual lattice vectors root vectors 
O,(2) isotropic points non-isotropic points 
4 
U‘!(2) 
S,(3) 
A5 
O,(3) 
isotropic lines 
norm 1 base 
- 
Schllfli 
E6 
O,(2) 
4 
u‘m 
S,(3) 
A5 
O,(3) 
g(4Oa) 
triflexions 
norm 3 vectors 
non-isotropic points 
points 
isotropic lines 
norm 2 points 
d4Ob) g(45) 
trisections triples 
bases 
isotropic lines 
isotropic points 
isotropic points 
norm 4 vectors 
norm 1 points 
The norms of vectors are taken with respect to the appropriate quadratic and 
hermitian forms on the scales used in the text. The scales chosen for A, and 
A, are the minimum scales for which all inner products are integers. 
We may derive combinatorial names for these objects as follows (only one 
representative is given for each orbit of the S, acting on (0, 1,2,3,4, .5}, 
together with the size of the orbit): 
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t 
set names number 
d27) a0, al, a2, a3, a4, a5 ( 6) 
the 27 b0, bl, b2, b3, b4, b5 ( 6) 
lines 01,02,03,04,05,..., 45 615) 
.dw ab = (a0 bO)(al bl)(a2 b2)(a3 b3)(a4 b4)(a5 b5) ( 1) 
the 36 01 = (a0 al)(bO b1)(12 02)(13 Q3)(14 04)(15 05) (15) 
double- a012 
sixes 
b345= (a0 12)(al 02)(a2 01)(45 b3)(35 b4)(34 b5) (2Q) 
represented by sets of nine triples 
as permuted by the group element 
(ab)(O 12)(345) g = 
(a0 bl Ol)(al b2 12)(a2 b0 02) 
(b3 a4 34)(b4 a5 45)(b5 a3 35) 
(03 14 25)(04 15 23)(05 13 24) (4 
represented by three sets of nine lines: 
a0 b2 02 a2 b4 24 a4 b0 04 
01.23.45= b3 al 33 b5 a3 35 bl a5 15 (30) 
03 12 45 25 34 01 14 05 23 
trisections a0 bl 01 a3 64 34 03 14 25 
0121345 = 02 a2 60 35 a5 63 15 23 04 (10) 
b0 12 al b5 45 a4 24 05 13 
(where in each 3 x 3 array the rows and columns form tri 
g(45) the 45 a0 61 01 
triples 01 23 45 
The action of the group fixing an element of g(i) may be transitive on the 
elements of g(j), or split these elements into two orbits if i fj, or into three 
orbits (one of which has size one) if i = j. If we disregard the orbit of size 
one when i = j, we obtain two non-trivial orbits in g(j) defined by the action 
on g(i), whenever this action is intransitive. The sizes of the orbits are 
depicted in the following diagram from [2]: 
j= 27 36 4Oa 40b 45 
21 I-10-16 16-20 transitive transitive 5-40 
36 12-15 l-15-20 transitive 10-30 5-30 
transitive transitive I-12-27 4-36 9-36 
4Ob transitive 9-27 4-36 1-B 2-21 18.27 
45 3-24 12-24 8-32 16-24 I-12-32 
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1.8. The 2Xodular Representations 
The elements of each g(i) generate a permutation module over GF(2). In 
the remainder of this paper we consider these GF(2)-modules, and their 
submodules invariant under the action of G. The following sections present 
the results of calculations on these modules. No proofs are provided, as the 
calculations become routine, though often laborious, using Richard Parker’s 
“meataxe” programs. 
The vectors in each submodule form a code, over GF(2), whose length is 
the dimension of the permutation module, and whose dimension is the 
dimension of the submodule. The weight enumerators of the submodules are 
therefore also the weight enumerators of these codes which are invariant 
under the action of G. 
We may find specific vectors in each permutation module which 
correspond to the elements of the g(i)‘s as follows. Suppose that our 
permutation module is generated by the elements of g(j), and that the action 
of g(i) is intransitive on these elements. Then the two orbits on g(j) define 
two vectors in the permutation module corresponding to the elements of g(i). 
We shall call the two vectors corresponding to the element n in g(i): Lj(n) 
and Sj(n), where Sj(n) is taken to be the shorter vector (i.e., the vector with 
the smaller weight). We shall say that 5’Jn) is the vector of elements of g(j) 
incident with II. 
2. THE ~~-DI~N~I~NAL REPRESENTATION 
The constituents permuted by the group are the 27 lines, which we shall 
call a0, al, a2, a3, a4, a5, b0, bl, b2, b3, b4, b5, 01, 02 ,..., 45 as above. 
The permutation module splits into four absolutely irreducible constituents 
which are of dimensions 1,6,6, 14. There are only two irreducible 
submodules, one of dimension 1, and one of dimension 6. After factoring out 
the submodule of dimension 1, we get a module of dimension 26 with just 
one composition series giving submodules of dimensions 6,20,26. After 
factoring out the submodule of dimension 6, we get a module of dimension 
21 with two irreducible submodules of dimensions 1 and 14. On factoring by 
the submodule of dimension 1 we get the same module as we got by 
factoring first by 1 and then by 6. On factoring by the submodule of 
dimension 14, we get a module of dimension 7, which is the direct sum of a 
6-dimensional and a l-dimensional module. Putting this information together 
we find that the permutation module has submodules of dimensions 1, 6, 7, 
20, 21, 26 and 27, and that the lattice of submodules is 
*iz7i, 
l/QL 
‘cl/ 
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The submodule of dimension 26 is the even weight code, and we find that the 
weight distributions are as follows: 
dimension of submodule: 
weight 
0 
1 
2 
3 
4 
5 
6 
7 
8 
9 
10 
I1 
12 
13 
14 
a5 
16 
17 
18 
19 
20 
21 
22 
23 
24 
25 
26 
27 
1 
1 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
1 
6 7 20 29 
1 1 1 1 
0 0 0 0 
0 0 0 0 
0 0 0 45 
0 0 270 270 
0 0 8 1296 
0 0 4752 4752 
0 0 0 13662 
0 0 34155 34155 
0 0 0 73920 
0 0 133056 133056 
0 27 0 202311 
36 36 269748 269748 
0 0 0 315360 
0 0 3 15360 315360 
0 36 0 269748 
27 27 202311 2023 1 P 
0 0 0 133056 
0 0 73920 73920 
0 0 0 34155 
0 0 13662 13662 
0 0 0 4752 
0 0 1296 1296 
0 0 0 270 
0 0 45 45 
0 0 0 0 
0 0 0 0 
0 1 0 I 
26 
1 
0 
351 
0 
17550 
0 
296010 
0 
0 
8436285 
0 
17383860 
0 
20058300 
0 
13037895 
0 
4686825 
0 
888030 
0 
80730 
0 
2925 
0 
27 
0 
g(27) has three orbits on itself of sizes 1, 10, 16. 
Examples of vectors are: 
L27(aO)=cz1 a2 a3 a4 a5 b0 62 13 14 15 23 24 25 34 35 45, 
&27(01)=a2 a3 a4 a5 b2 b3 b4 b5 02 03 04 
S27(01)=aO al 130 bl 23 24 25 34 35 45. 
548 PATRICK L. H. BROOKE 
The L27(27)‘s generate the submodule of dimension 6. 
The S27(27)‘s generate the submodule of dimension 26. 
g(36) has two orbits on g(27) of sizes 12, 15. 
Examples of vectors are: 
S27(ab)=aO al a2 a3 a4 a5 b0 bl b2 b3 b4 b5, 
S27(01)= a0 al b0 bl 02 12 03 13 04 14 05 15, 
S27 
a012 
( 1 
- =a0 al a2 01 02 12 b3 b4 b5 34 35 45. 
b345 
The S27(36)‘s generate the submodule of dimension 6. 
The L27(36)‘s generate the submodule of dimension 7. 
g(45) has two orbits on g(27) of sizes 3,24. 
Examples of vectors are: 
S27(aO bl Ol)=aO bl 01, 
S27(01 23 45)=01 23 45. 
The L27(45)‘s generate the submodule of dimension 20. 
The S27(45)‘s generate the submodule of dimension 21. 
3. THE 36-DIMENSIONAL REPRESENTATION 
The constituents are the 36 double-sixes: ab, ij, aijk/blmn. 
The permutation module splits into six irreducible constituents of 
dimensions 1, 1,6, 6, 8, 14. The constituents of dimensions 1, 6, 14 are 
absolutely irreducible, but the constituent of dimension 8 is reducible over 
GF(4). 
As in the 27-dimensional case there are two irreducible submodules, one 
of dimension 1, and one of dimension 6. By factoring out the submodules 
already found, and finding the irreducible submodules of the quotient module 
as before, we find that we have submodules of dimensions 1, 6, 7, 15, 16, 20, 
21, 29, 30, 35, and the lattice of submodules is 
A35 
16’ A’ 
i5' ‘21 
\/lo 
1' \6/ 
\o' 
We find that the weight distributions are as follows: 
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dimension of submodule: 
549 
weight 
0 
I 
2 
3 
4 
5 
6 
7 
8 
9 
BQ 
11 
12 
13 
14 
15 
16 
17 
18 
19 
20 
21 
22 
23 
24 
25 
26 
27 
28 
29 
30 
31 
32 
33 
34 
35 
36 
1 
1 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
43 
0 
0 
6 7 15 16 20 21 
I 1 
0 0 
0 0 
0 0 
0 0 
0 0 
0 0 
0 0 
0 0 
0 0 
8 0 
0 0 
0 0 
0 0 
0 0 
0 0 
27 63 
0 0 
0 0 
0 0 
36 63 
0 0 
0 0 
0 0 
0 0 
0 0 
0 0 
0 0 
0 0 
0 0 
0 0 
0 0 
0 0 
0 0 
0 0 
0 0 
1 
0 
0 
0 
0 
0 
0 
0 
135 
0 
0 
0 
945 
0 
4320 
0 
7623 
0 
6720 
cl 
7623 
0 
4320 
0 
945 
0 
0 
0 
135 
0 
0 
0 
8 
0 
0 
0 
1 
1 1 
0 0 
0 0 
0 0 
0 
0 
0 120 
0 0 
135 675 
40 0 
0 7776 
792 0 
945 39150 
2160 0 
4320 115560 
4752 0 
7623 219591 
8640 0 
6720 282240 
8640 0 
7623 221220 
4752 0 
432 114120 
216 0 
945 39285 
792 0 
0 8352 
40 0 
135 270 
CD 0 
0 216 
0 0 
Q 0 
0 
8 
0 0 
1 0 
1 
0 
0 
0 
0 
0 
336 
0 
945 
0 
16128 
0 
18435 
0 
229680 
0 
4408 11 
0 
564480 
0 
4408 1% 
0 
229680 
0 
78435 
0 
16428 
0 
945 
0 
336 
0 
0 
0 
0 
0 
B 101 * 
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dimension of submodule: 
weight 
0 
1 
2 
3 
4 
5 
6 
7 
8 
9 
10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
20 
21 
22 
23 
24 
25 
26 
27 
28 
29 
30 
31 
32 
33 
34 
35 
36 
29 30 
1 
0 
0 
0 
945 
0 
30576 
0 
471420 
0 
3977568 
0 
19541340 
0 
59348880 
0 
114138486 
0 
141852480 
0 
114138486 
0 
59348880 
0 
19541340 
0 
3977568 
0 
471420 
0 
30576 
0 
945 
0 
0 
0 
1 
0 
0 
120 
945 
5832 
30576 
130680 
471420 
1470280 
3977568 
9389016 
19541340 1251677700 
36104040 0 
59348880 3796297200 
87000408 0 
114138486 7307872110 
134335080 0 
141852480 9075135300 
134335080 0 
114138486 7307872110 
87000408 0 
59348880 3796297200 
36104040 0 
19541340 125 1677700 
9389016 0 
3977568 254186856 
1470280 0 
471420 30260340 
130680 0 
30576 1947792 
5832 0 
945 58905 
120 0 
0 630 
0 0 
35 
1 
0 
630 
0 
58905 
0 
1947792 
0 
30260340 
0 
254186856 
0 
1 1 1 
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g(36) has three orbits on itself of sizes 1, 15, 20. 
Examples of vectors are: 
S36(ab) =Ol 02 03 04 05 12 13 14 15 23 24 25 34 35 45, 
a012 a013 a014 a015 a345 a245 a235 a234 S36(01) = -------- 
b345 b245 b235 b234 b012 b013 b014 b015 ’ 
ab 23 24 25 34 35 45, 
a034 a035 a045 al34 al35 a145 a234 a235 a245 =---e--..--.-~~-, 
b125 b124 b123 b025 b024 b023 bOl5 b014 bO13 
01 02 12 34 35 45. 
The L36(36)‘s generate the submodule of dimension 6. 
The S36(36)‘s generate the whole space. 
g(27) has two orbits on g(36) of sizes B6,20. 
Examples of vectors are: 
S36(aO) 
a012 a013 a014 a015 a023 a024 a025 a034 a035 a045 =--- 
b345 b245 b23.5 b234 b145 b135 b134 b125 b124 b123 9 
ab 01 02 03 04 05, 
S36(01) 
a012 a013 a014 a015 a345 a245 a235 a234 =- ---___-- 
b345 b245 b235 b234 b012 b013 b014 6015 ’ 
02 03 04 05 12 13 14 15. 
The S36(27)‘s generate the submodule of dimension 6. 
The L36(27)‘s generate the submodule of dimension 7. 
g(40b) has two orbits on g(36) of sizes 9,27. 
Examples of vectors are: 
a012 a013 a234 a235 a450 a451 
S36(01.23.45)=0; 23 45 ___---- 
b453 b452 b015 b014 6231 -ii%-’ 
S36(0121345)=ab 01 02 12 34 35 45 
a012 a345 
b34Sb012. 
The S36(40b) or L36(40b)‘s generate the submodule of dimension 16. 
481/91/e18 
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g(45) has two orbits on g(36) of sizes 12,24. 
Examples of vectors are: 
S36(aO bl 01) 
=23 24 25 34 35 45 
a123 a124 a125 a134 a135 a145 
------, 
b045 b035 b034 b025 b024 b023 
S36(01 23 45) 
a024 a025 a034 a035 a124 a125 a134 a135 ab o1 23 45 E-F------ 
b135 b134 b125 b124 b035 b034 b025b024 
The L36(45)‘s generate the submodule of dimension 20. 
The S36(45)‘s generate the submodule of dimension 21. 
4. THE FIRST 40-DIMENSIONAL REPRESENTATION 
The constituents are the 40 triflexions: (ub)(ijk)(Zmn) uijk/bZmn. 
We shall use the shorthand ~k~lrnn to denote them from now on. 
The permutation module splits into seven irreducible constituents of 
dimensions 1, 1, 1, 1, 8, 14, 14. The constituent of dimension 14 is absolutely 
irreducible, but the 8 splits over GF(4). 
We find that there is only one composition series; in other words, there is 
only one irreducible submodule, and at each stage after factoring by the 
irreducible submodule, the resulting quotient module again has just one 
irreducible submodule. The composition series gives submodules of 
dimensions 1, 15, 16,24,25, 39,40; and the lattice of submodules is 
40 
I 
39 
I 
25 
24 
0 
We find that the weight distributions are as follows: 
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dimension of submodule: 
weight 
0 
2 
4 
6 
8 
10 
12 
14 
16 
18 
20 
22 
24 
26 
28 
38 
32 
34 
36 
38 
40 
1 15 16 24 25 39 
1 1 
0 0 
0 0 
0 0 
0 45 
0 0 
0 720 
0 0 
0 6930 
0 0 
0 17376 
0 0 
0 6930 
0 0 
0 720 
0 0 
0 45 
0 0 
0 0 
0 0 
1 1 
0 
0 
0 
45 
0 
1120 
0 
15570 
0 
32064 
0 
15570 
0 
1120 
0 
45 
0 
0 
0 
0 
0 
240 
2205 
2376 
182560 
664560 
2035 170 
3243600 
4473024 
3243600 
2035170 
664560 
182560 
23760 
2205 
240 
0 
0 
1 
0 
40 
240 
5085 
47824 
353920 
1378800 
3944610 
6699600 
8694192 
6699600 
39446 10 
1378800 
353920 
47824 
5085 
240 
40 
0 
1 
553 
1 
780 
91390 
3838380 
76904685 
847660528 
55~6~53480 
23206929840 
62~52~0~650 
lf33882618OQ 
137846528828 
113388261808 
62852101650 
23206929840 
5586853480 
~4766O52~ 
76984685 
3838380 
91390 
78 
g(40a) has three orbits on itself of sizes 1, 12,27. 
Examples of vectors are: 
012 
S40a - c 1 345 
012 021 021 013 014 015 032 042 052 =----------- 
354 345 354 245 253 234 145 153 134 152 132 i;?-z’ 
The S4Qa(40a)‘s generate the submodule of dimension 16~ 
The L4Oa(40a)‘s generate the whole space. 
g(40b) has two orbits on g(40a) of sizes 4, 36. 
Examples of vectors are: 
554 PATRICK L. H. BROOKE 
024 025 034 035 
S40a(O1.23.45)=---- 
153 143 152 142 ’ 
012 012 021 021 
S40a(0121345) = --------. 
345 354 345 354 
The S40a(40b) or L40a(40b)‘s generate the submodule of dimension 25. 
g(45) has two orbits on g(40u) of sizes 832. 
Examples of vectors are: 
S40u(uO bl 01) =-------- 012 013 013 014 014 015 015 
012 
345 354 245 254 235 253 234 243 ’ 
S40u(Ol 23 45) =-p-----p. 024 052 034 043 035 042 025 053 
135 153 134 143 125 152 124 142 
The S40a(45) or L40u(45)‘s generate the submodule of dimension 15. 
5. THE SECOND 40-DIMENSIONAL REPRESENTATION 
The constituents are the 40 trisections: ij.kl.mn, ijkilmn. 
The permutation module splits into eight irreducible constituents of 
dimensions 1, 1, 1, 1,6, 8, 8, 14. The constituents of dimensions 6, 14 are 
absolutely irreducible, but the 8 splits over GF(4). 
By the same arguments as before we find submodules of dimensions 1, 9, 
10, 15, 15, 24, 25, 30, 31, 39; and the lattice of submodules is 
We find that the weight distributions are as follows: 
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dimension of submodule: 
weight 
0 
2 
4 
6 
8 
10 
12 
14 
16 
18 
20 
22 
24 
26 
28 
30 
32 
34 
36 
38 
40 
1 9 10 15 16 24 
dimension of submodule: 
1 1 1 1 1 
0 0 0 0 0 
0 0 0 0 0 
0 0 0 0 0 
0 0 0 0 0 
0 0 0 216 252 
0 0 40 210 310 
0 0 0 1080 2100 
0 135 135 3375 1695 
0 0 0 1920 15480 
0 240 672 7044 12660 
0 0 0 7920 15480 
0 135 135 3315 7695 
0 0 0 1080 2700 
0 0 40 210 310 
0 0 0 216 252 
0 0 0 0 0 
0 0 0 0 0 
0 0 0 0 0 
0 0 0 0 0 
I 1 1 1 1 
weight 
0 
2 
4 
6 
8 
10 
12 
14 
16 
18 
20 
22 
24 
26 
28 
30 
32 
34 
36 
38 
40 
25 
0 0 
40 270 
240 6720 
3645 152685 
54736 1651392 
339520 10921000 
1413360 45288000 
3830850 122873490 
6953040 221221200 
8363568 269500308 
6953040 221227200 
3830850 122873490 
1413360 45288000 
339520 10921000 
54736 1651392 
3645 152685 
240 6720 
40 270 
0 0 
30 31 
0 
310 
15360 
299565 
3309568 
21840520 
90593280 
245645010 
442690560 
538695300 
442690560 
245645010 
90593280 
21840520 
3309568 
299565 
25360 
310 
0 
I 
0 
240 
1485 
27792 
169600 
707760 
1909170 
3491280 
4162560 
3491280 
!90917O 
101760 
169600 
27792 
I485 
240 
0 
39 
1 
780 
91390 
3838380 
76904685 
847660528 
5586853480 
23206929840 
62852101650 
i13380261800 
137846528820 
113380261800 
62852101650 
23206929840 
5586853480 
847660528 
76904685 
3838380 
91390 
780 
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g(40b) has three orbits on itself of sizes 1, 12,27. 
Examples of vectors are: 
S40b(01.45.23) = 024/135,025~134,034~125,035~124, 
02.14.35,02.15.34,03.14.25,03.15.24, 
12.04.35, 12.05.34,13.04.25,13.05.24, 
S40b(012~345)=03.14.25,03.15.24,03.24.15,03.25.14, 
04.13.25,04.15.23,04.23.15,04.25.13, 
05.13.24,05.14.23,05.23.14,05.24.13. 
The S40b(40b)‘s generate the submodule of dimension 10. 
The L40b(40b)‘s generate the whole space. 
g(36) has two orbits on g(40b) of sizes 10, 30. 
Examples of vectors are: 
S40b(ab) = 012/345,013~245,014~235,015~234,023~145, 
024~135,025~134,034~125,035~124,045~123, 
S40b(Ol) = 012~345,013~245,014~235,015~234,01.23.45, 
01.24.35,01.25.34,01.34.25,01.35.24,01,45.23, 
012(345,01.23.45,01.24.35,01.25.34,02.13.45, 
02.14.35,02.15.34, 12.03.45,12.04.35, 12.05.34. 
The S40b(36) or L40b(36)‘s generate the submodule of dimension 16. 
g(40a) has two orbits on g(40b) of sizes 4, 36. 
Examples of vectors are: 
=012(345,03.14.25,04.15.23,05.13.24. 
The S40b(40a) or L40b(40a)‘s generate the submodule of dimension 25. 
g(45) has two orbits on g(40b) of sizes 16,24. 
Examples of vectors are: 
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b(a0 bl 01) = 012/345,0131245, 0141235,015/234, 
02.13.45,02.14.35,02.H5.34,83.12.45, 
03.14.25,03.15.24,04.12.35,84.13.25, 
04.15.23,05.12.3 ,05.13.24,05.14.23, 
S4Ob(Ol 23 45) = 0241135, 0251134, 0341125,035i124, 
01.24.35,01.25.34901.34.25,01.35.24~ 
23.04.15,23.05.14,23.14.05,23.15.04, 
45.02.13,45.03.12,45.12.03,45,13.02, 
The S40b(45) or L40b(45)‘s generate the submodule of dimension 24. 
6. THE 45-DIMENSIONAL REPRESENTATION 
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The constituents are the 45 triples: ai, bj, ij; ij, kl, mn. 
The module splits into seven irreducible constituents of dimensions 1, 1, 8, 
6, 8, 14, 14. The constituents of dimensions 6, 14 are absolutely irreducible, 
but the 8 splits over GF’(4). 
We find one submodule each of dimensions 1, 14, 16, 2 
31, 44. Because the direct sum of two l-dimensional irreducibles gives three 
intermediate submodules, we have three submodules each of dimensions 
21, 24, 30; and the lattice of submodules is 
with additional joins between each submodule on the left of the above picture 
and the submodule on the right with dimension 1 greater. In what follows, 
the suffices 1, c and r on submodules refer to the left, centre and right 
portions of the above picture. 
We fmd that the weight distributions are as follows: 
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dimension of submodule: 
weight 
0 
1 
2 
3 
4 
5 
6 
7 
8 
9 
IO 
11 
12 
13 
14 
15 
16 
17 
I8 
19 
20 
21 
22 
23 
24 
25 
26 
27 
28 
29 
30 
31 
32 
33 
34 
35 
36 
37 
38 
3Y 
40 
41 
42 
43 
44 
lr 141 151 15c 
0 6768 12312 6768 6768 
1 1 I 
0 0 
1 
0 7200 6120 
I 
0 0 0 0 0 
0 0 
0 0 0 0 0 
0 0 0 
0 0 
0 0 
0 0 
0 0 0 
0 
0 0 0 0 0 
0 6120 13320 6120 6120 
0 0 0 0 0 
0 0 
0 0 
0 5544 6768 
0 0 0 
0 0 0 0 
0 0 
0 
0 0 
0 0 0 
0 0 0 
0 0 
0 0 
0 0 0 
0 40 0 
0 0 
0 2520 
0 0 
4680 2520 2520 
0 
0 0 0 0 0 
0 120 120 120 120 
0 0 0 0 45 
0 0 0 0 0 
0 0 0 0 0 
0 810 2250 810 810 
0 0 0 2160 2520 
0 0 0 0 0 
0 0 0 0 0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 0 1440 810 2250 0 0 
0 0 0 0 0 21168 47952 
0 0 0 0 0 0 0 
45 45 45 45 45 3285 7605 
0 0 0 120 I20 0 0 
0 0 0 0 0 1080 1080 
0 0 0 0 0 0 0 
0 40 0 0 40 0 40 
0 0 0 0 0 0 0 
0 0 0 0 0 0 0 
0 0 0 0 0 0 0 
0 0 0 0 0 27 27 
0 0 0 0 0 0 0 
0 0 0 0 0 0 0 
0 0 0 0 0 0 0 
0 0 0 0 0 0 0 
0 0 0 1 I 0 0 
15r 
45 I 
l6r 201 211 
12312 167904 328536 
1 I 
0 
13320 
0 
0 
0 
0 
0 
0 0 
0 
0 
272160 557280 
0 
0 0 
0 
0 
0 
0 
0 
0 
0 
13320 
135 
193230 394830 
135 
0 0 
12312 
216 
0 
216 
0 
0 
0 
1200 
0 
2280 
167400 322920 
0 0 
10800 
0 
23760 
0 
0 
0 
0 
33210 69210 
0 
4680 
0 
0 117000 226440 
59760 114840 
0 0 0 
1 
0 
0 
0 
0 
0 
0 
0 
0 
40 
0 
0 
120 
45 
0 
0 
2250 
4680 
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dimension of submodule: 
weight 
0 
1 
2 
3 
4 
5 
6 
7 
8 
9 
10 
11 
12 
I3 
14 
15 
16 
17 
18 
19 
20 
21 
22 
23 
24 
25 
26 
27 
28 
29 
30 
31 
32 
33 
34 
35 
36 
31 
38 
39 
40 
41 
42 
43 
44 
45 
2!c 21r 22r 231 241 24~ 
0 
0 
0 
0 
0 
0 
0 
135 
40 
216 
0 
1200 
4320 
10800 
26184 
33210 
55080 
117000 
155520 
167904 
201600 
272160 
285120 
193230 
160632 
167400 
109440 
59760 
36000 
21168 
12960 
3285 
1080 
1080 
0 
0 
0 
0 
0 
21 
0 
0 
0 
0 0 
0 0 
0 0 
0 0 
21 27 
0 0 
0 0 
135 135 
0 40 
216 216 
1080 1080 
1200 2280 
3285 7605 
10800 23760 
21168 47952 
33210 69210 
59760 114840 
117000 226440 
167400 322920 
167904 328536 
193230 394830 
272160 557280 
272160 557280 
193230 394830 
167904 328536 
167400 322920 
1 I7000 226440 
59760 114840 
33210 69210 
21168 47952 
10800 23760 
3285 7605 
I200 2280 
1080 1080 
216 216 
0 40 
135 135 
0 0 
0 0 
27 27 
0 0 
0 0 
5 0 
0 0 
0 
0 
0 
0 
0 
0 
0 
540 
0 
2160 
5 
15240 
0 
73440 
0 
318150 
0 
762000 
0 
1627992 
0 
1857600 
0 
1889820 
0 
1069200 
0 
568440 
65600 
0 
34225 
0 
2160 
0 
40 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
120 
0 
540 
0 
4968 
0 
31080 
0 
47960 
617670 
0 
1582120 
0 
3155256 
0 
3833640 
0 
3615420 
22 10040 
0 
1099f.m 
0 
343656 
0 
70785 
0 
3960 
200 
559 
1 
0 
0 
0 
0 
5 
0 
0 
540 
160 
2160 
1800 
15240 
34560 
73440 
178056 
318150 
531360 
762000 
1140840 
1627992 
1785600 
1857600 
! 976040 
1889820 
1521264 
1069200 
820120 
568440 
299520 
165600 
74520 
36225 
15840 
21613 
2808 
40 
0 
0 
120 
0 
0 
0 
0 
0 
0 1 I 0 0 5 
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dimension of submodule: 
weight 
0 
1 
2 
3 
4 
5 
6 
I 
8 
9 
10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
20 
21 
22 
23 
24 
25 
26 
21 
28 
29 
30 
31 
32 
33 
34 
35 
36 
37 
38 
39 
40 
41 
42 
43 
44 
45 
24r 
1 
0 
0 
0 
0 
0 
0 
0 
540 
40 
2160 
2160 
15240 
36225 
73440 
165600 
318150 
568440 
762000 
1069200 
1627992 
1889820 
1857600 
1857600 
1889820 
1627992 
1069200 
762000 
568440 
318150 
165600 
73440 
36225 
15240 
2160 
2160 
40 
540 
0 
0 
0 
0 
0 
0 
0 
1 
25r 
0 0 0 
0 0 0 
0 0 0 
0 0 0 
0 0 0 
120 540 660 
0 0 0 
540 6615 12015 
200 0 0 
4968 94176 197856 
3960 0 0 
31080 873840 1749360 
70785 0 0 
147960 5147280 10214640 
343656 0 0 
617670 19561050 39322170 
1099800 0 0 
1582120 52749600 105150880 
2210040 0 0 
3155256 96021936 192692016 
3675420 0 0 
3833640 126631080 252248760 
3833640 0 0 
3675420 114216030 229451310 
3155256 0 0 
2210040 74990880 149387040 
1582120 0 0 
1099800 33431760 67058640 
617670 0 0 
343656 10603152 21145968 
147960 0 0 
70785 2197845 4431285 
31080 0 0 
3960 315360 620640 
4968 0 0 
200 29200 56720 
540 0 0 
0 540 1620 
120 0 0 
0 27 243 
0 0 0 
0 0 0 
0 0 0 
0 0 0 
291 301 3oc 
1 
0 
0 
0 
0 
216 
540 
1080 
6615 
27520 
94176 
305280 
873840 
2233440 
5147280 
10542816 
19561050 
33626880 
52749600 
74396160 
96021936 
115235280 
12663 1080 
125617680 
114216030 
96670080 
74990880 
52401280 
33431760 
19761120 
10603152 
5067360 
2197845 
875520 
315360 
103680 
29200 
5400 
540 
120 
27 
0 
0 
0 
0 
1 0 0 0 
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dimension of submodule: 
weight 
0 
1 
2 
3 
4 
5 
6 
7 
8 
9 
10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
20 
21 
22 
23 
24 
25 
26 
27 
28 
29 
30 
31 
32 
33 
34 
35 
36 
37 
38 
39 
40 
41 
42 
43 
44 
45 
30r 
1 
0 
0 
0 
0 
27 
540 
540 
6615 
29200 
94116 
315360 
873840 
2197845 
5 147280 
10603152 
19561050 
33431760 
52749600 
74990880 
96021936 
114216030 
12663 1080 
126631080 
114216030 
96021936 
74990880 
52749600 
3343 1760 
19561050 
10603 152 
5147280 
2197845 
873840 
315360 
94176 
29200 
6615 
540 
540 
27 
0 
0 
0 
0 
1 
31r 
1 
0 
0 
0 
0 
243 
660 
1620 
12015 
56720 
197856 
620640 
1749360 
443 1285 
10214640 
21145968 
39322170 
67058640 
105 150880 
149387040 
192692016 
229451310 
252248760 
252248160 
229451310 
192692016 
149387040 
105150880 
67058640 
39322170 
21145968 
10214640 
4431285 
1749360 
620640 
197856 
56720 
12015 
1620 
660 
243 
0 
0 
0 
0 
441 
i 
0 
990 
0 
148995 
0 
8145060 
G 
215553195 
0 
3190187286 
0 
28760021745 
0 
166871334960 
0 
6466’26422970 
0 
1715884494940 
0 
3169870830126 
0 
4114715363800 
G 
3773655150150 
0 
2438362177020 
0 
1103068603890 
0 
344867425584 
0 
73005209045 
0 
io150595910 
0 
886163135 
0 
45379620 
0 
1221759 
0 
14190 
0 
45 
0 
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g(45) has three orbits on itself of sizes 1, 12, 32. 
Examples of vectors are: 
S45(aO b 1 01) = a0 b2 02, a0 63 03, a0 b4 04, a0 65 05, 
bl a2 12, bl a3 13,bl a4 14,bl a5 15, 
01 al bOl 01 23 45,Ol 24 35,01 25 34, 
S45(01 23 45)=aO bl 01, al b0 Ol,a2 b3 23,a3 b2 23, 
a4 65 45. a5 b4 45! 01 24 35,Ol 25 34, 
23 04 15,23 05 14,45 02 13,45 03 12. 
The L45(45)‘s generate the submodulc 141. 
The S45(45)‘s generate the submodule 441. 
g(27) has two orbits on g(45) of sizes 5,40. 
Examples of vectors are: 
S45(aO) = a0 bl 01, a0 b2 02,aO 63 03, u0 64 04,aO b5 05, 
S45(01) =a0 bl 01,al b0 01,Ol 23 45,Ol 24 35,Ol 25 34. 
The L45(27)‘s generate the submodule 201. 
The S45(27)‘s generate the submodule 21r. 
g(36) has two orbits on g(45) of sizes 15, 30. 
Examples of vectors are: 
S45(ab)=Ol 23 45,Ol 24 35,Ol 25 34.02 13 45,02 14 35, 
02 15 34,03 12 45,03 14 25,03 15 24,04 12 35, 
04 13 25,04 I5 23,05 12 34,05 13 24,05 14 23, 
S45(01)= 01 23 45,Ol 24 35,Ol 25 34, a2 b3 23, a2 b4 24, 
a2 65 25,a3 62 23,a3 b4 34, a3 b5 35,a4 b2 24, 
a4 b3 34,a4 b5 45,a5 b2 25,a5 b3 35, a5 64 45, 
=03 14 25,03 15 24,04 13 25,04 15 23505 13 24, 
05 14 23,a3 b0 03,a3 bl 13.~23 62 23,a4 b0 04, 
a4 bl 14,a4 62 24, a5 b0 05, a5 hl 15, u5 b2 25. 
The L45(36)‘s generate the submodule 201. 
The S45(36)‘s generate the submodule 21r. 
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g(40a) has two orbits on g(45) of sizes 9,36. 
Examples of vectors are: 
a0 bl 01, al b2 12,a2 bQ 02, b3 a4 34, h4 a5 45. 
b5 a3 35,03 14 25,04 15 23,05 13 24. 
The L45(40a)‘s generate the submodule 1.51. 
The S45(40a)‘s generate the submodule 15~. 
g(40b) has two orbits on g(45) of sizes 18,27. 
Examples of vectors are: 
S45(01.23.45)=aO b2 02,a0 b3 03,al b2 12,al b3 13.~2 b4 24. 
a2 b5 25, a3 b4 34, a3 b5 35, a4 60 04, a4 61 i4. 
a5 b0 05,aS bl 15,Ol 24 35,Ol 25 34,23 04 15. 
23 05 14,45 02 13,45 03 12, 
S45(0121345)= a0 bl 01, a0 b2 02, al b0 01, al b2 12. a2 b0 02. 
a2 bl 12, a3 b4 34, a3 b5 35,a4 b3 34. u4 b5 45. 
a5 b3 35, a5 b4 45,03 14 25,03 15 24.04 13 25. 
04 15 23,05 13 24,05 14 23. 
The L45(40b)‘s generate the submodule 24~. 
The S45(40b)‘s generate the submodule 241. 
7. THE INTERACTIQNS 
We have shown that the orbit sizes of the action of the group fixing an 
element of g(i) on the elements of g(j) are as follows (where t denotes the 
action being transitive): 
21 36 40a 40b 45 
27 l-lo-16 16-20 t t 540 
36 12-15 l-15-20 t IO-30 15-m 
40a t t l-12-27 4-36 9-36 
40b t 9-27 4-36 I-12-27 18-27 
45 3-24 12-24 8-32 16-24 i-12-32 
Denote by G(j) the GF(2)-module generated by the elements of g(j). Then it 
is possible to predict the dimension of the submodule of G(j) generated by 
481/91/2-19 
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this action. If we consider the vectors corresponding to g(i) inside G(j), then 
the group will act on them as in the representation of degree i, but subject to 
any relations that the vectors might satisfy in G(j). The submodule of G(j) 
therefore is also a quotient module of G(i); so we are looking for submodules 
of G(j) with the same lattice structure as quotient modules of G(i). If this 
situation does not occur, then the action will be transitive. 
Consider the case i = 27. The available non-trivial quotient modules are 
16 6 6 1 6 
14 14 6 1 
6 6 
1 
of dimensions 6, 20, 26, 7, 21, 27, respectively. In G(27) four of these occur 
as submodules, namely, those of dimensions 6, 7, 26, 27. The vectors 
corresponding to the elements of g(27) are the vectors of length 1, the 
S27(27)‘s, the L27(27)‘s and their complements. Because the S27(27)‘s have 
weight 10, they generate a submodule of dimension at least 20, and so 
contain the submodule generated by the L27(27)‘s. This is therefore the same 
submodule as the one generated by the complements of the vectors of weight 
1, and so has dimension at least 26. Because they have even weight, the 
S27(27)‘s sum to zero, and so satisfy a non-trivial relation, so they do not 
generate the whole space. Therefore the S27(27)‘s, and also the complements 
of the vectors of weight 1, generate the submodule of dimension 26. Similarly 
the complements of the S27(27)‘s, and also the vectors of weight 1, generate 
the whole space. The complements of the L27(27)‘s have weight 11 and we 
observe that they generate the submodule of dimension 7. The L27(27)‘s 
have even weight, so their sum is zero, giving an extra relation, so they 
generate the submodule of dimension 6. 
In G(36) just the submodules of dimensions 6 and 7 occur. In G(j), where 
j is not equal to 27, the only vectors corresponding to the elements of g(27) 
are the S’(27)‘s and the Lj(27)‘s which are complements of each other. We 
find that the L36(27)‘s generate the submodule of dimension 7, and the 
S36(27)‘s the submodule of dimension 6. 
None of the submodules occur in G(40a) or G(40b), so the action is tran- 
sitive. 
In G(45) just the submodules of dimensions 20, 21 occur. The S45(27)‘s 
have odd weight SO they generate the submodule of dimension 21, and the 
L45(27)‘s the submodule of dimension 20. 
In this case, it is interesting that every available quotient module of G(27) 
has occurred. This does not happen for the other representations. The same 
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arguments may be applied for the other representations, and we find that the 
submodules generated have dimensions: 
27 36 40a 
S27( ) 26 6 - 
S36( ) 6 36 - 
S40a( ) - - 
S40b( ) - 16 :: 
SW > 21r 21r 1% 
27 36 40a 
L27( > 6 7 - 
L36( ) 7 6 - 
L40a( ) - - 40 
L40b( ) - 16 25 
L45( ) 20 20 151 
The constituents of these submodules are: 
40b 
- 
16 
25 
10 
241 
40b 
16 
25 
40 
24~ 
45 
21 
21 
15 
24 
44 
45 
20 
20 
15 
24 
14 
(1.) 6 - (1.)6.14 
6 - 6.1.8.1 (1.)6.14 
- - 1.14.1 1.14.1.8.1 1.14 
1.8.1.6 1.8.1.14.1 1.8.1 1.8.1.14 
(1.) 14.6 (1.) 14.6 14.1 14.1.8.1 94 
showing the constituents required by the action on each representation. 
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